We provide the first quantitative evidence for the deceleration/growth of the Galactic bar from local stellar kinematics thus confirming dynamical friction within expectations for a typical dark matter halo. The kinematic response of the stellar disk to a decelerating bar is studied using secular perturbation theory and test particle simulations. We show that the velocity distribution at any point in the disk affected by a naturally slowing bar is qualitatively different from that perturbed by a steadily rotating bar with the same current pattern speed Ω p and amplitude. When the bar slows with rate Ω p , its resonances sweep through phase space. Depending on Ω p , they trap and drag along a portion of previously free orbits. This enhances occupation on resonances, but also changes the distribution of stars within the resonant region. Helped by this accumulation of orbits near the boundary of the resonant region, the decelerating bar model reproduces with its corotation resonance the offset and strength of the Hercules stream in the local v R − v ϕ plane and the double-peaked structure ofv R in the L z − ϕ plane. On the outer/inner Lindblad resonances and other higher order resonances, resonant dragging by a slowing bar is associated with a continuing increase in radial action. We compare the model to data in the action plane, identifying multiple resonance ridges. This work shows models using a constant bar pattern speed ( Ω p = 0) likely lead to qualitatively wrong conclusions. Most importantly we provide the first quantitative estimate of the slowing rate of the bar: Ω p = (−5.0±2.5) km s −1 kpc −1 Gyr −1 .
INTRODUCTION

Slowing bar as probe for dark halo kinematics
It is widely accepted that our Galaxy has a prominent, rotating stellar bar at its centre, as do roughly half of known disc galaxies (Sellwood & Wilkinson 1993) . Bars cannot be statically rotating objects, since they form part of a delicate angular momentum balance: angular momentum loss to dark halo and stellar disc, and gains from funneling gas to small radii. Analytical models and simulations of the Galactic bar in the presence of a dark matter predict that a bar experience angular momentum loss due to dynamical friction, slowing their rotation frequency, the so called pattern speed Ω p , and hence making them grow (Weinberg 1985; Hernquist & Weinberg 1992; Debattista & Sellwood 1998; Valenzuela & Klypin 2003) . This angular momentum loss is proportional to the density of the dark matter halo, but also ⋆ E-mail: rimpei.chiba@physics.ox.ac.uk depends strongly on the velocity distribution of the dark matter (Athanassoula 2003) . The amount of angular momentum transfer would also be drastically altered e.g. with modified theories of gravity (requiring different amounts of dark matter), or if the dark halo is flattened as a degenerate Fermi condensate (Goodman 2000) . On the other hand, bars gain large amounts of angular momentum, offsetting some fraction of the above loss, by funneling gas towards the Galactic centre (van Albada & Sanders 1982) , where the gas feeds the central black hole and gets expelled by it (Silk & Rees 1998; Bland-Hawthorn & Cohen 2003) , and/or forms a massive nuclear disc, as found in the Milky Way (Launhardt et al. 2002; Schönrich et al. 2015) .
While the density distribution of the inner regions of the dark matter halo can be determined from the gravitational potential using stellar distribution function models (e.g. Piffl et al. 2014; Cole & Binney 2017) , the kinematic state of the dark matter is only accessible by dynamical modeling, making (if measured) the slowing rate of the bar Ω p an important constraint for the nature of the dark matter. Given this importance, and given the theoretical requirement that bars have to be strongly evolving, it is surprising that this topic has remained outside the main scope of modern Galactic dynamics. There are very few papers even laying some groundwork on an evolving bar. linked the slowing/growth of the bar to the discovery of high line-of-sight velocity tails observed in the distribution of stars within the bar (Nidever et al. 2012 ). However, this signal will very strongly depend on the subsequent diffusion out of these orbits and the surrounding disc kinematics, so is unlikely to yield a measurement of Ω p (we also note that Debattista et al. 2018 , still pursue the alternative interpretation of a larger nuclear disc). There is a vast tradition of fitting streams in the Solar Neighbourhood with models perturbed by the bar, but almost all of them use a static bar with constant Ω p . One exception is the notion of a suddenly formed, very young bar (albeit still with a constant Ω p ), which would leave some transient effects lingering in stellar kinematics (Minchev et al. 2010) . However, such a young age appears not fully in line with the low relative star-formation rates in the Milky Way's nuclear disc. There has been some theoretical framework designed by Weinberg (1994) , which covers a slowing bar, but it was only used to show an expectation of increased velocity dispersion near the Outer Lindblad Resonance (OLR). Fux (2001) downplayed the effects of a slowing bar, claiming that it mainly introduces a delayed response. Similarly, we note that while we were about to submit this paper, Khoperskov et al. (2019) invoked a slowing bar to explain features in the local metallicity distribution.
In contrast, this paper will show the importance of a slowing bar for resonances in the Milky Way disc, in particular for explaining the kinematic substructure observed by Gaia. We will use secular perturbation theory and test particle simulations to explore how resonances of a slowing bar capture and drag orbits. In the next subsection, we will thus give a short overview of kinematic substructure observable in the Solar Neighbourhood, which has been used in the past to judge the pattern speed and strength of the Galactic bar. We will also provide a first glimpse of how much a slowing bar model differs from the predictions of a constant Ω p model with otherwise identical parameters. We will list the main observable features explained by the slowing bar model, which in turn provide us with the leverage to estimate Ω p . At the end of Section 1.2, we give an outline of the paper.
Kinematic structure of the Solar Neighbourhood
Our best bet to get precision measurements for parameters of the Galactic bar are the kinematics of the Solar Neighbourhood, where Gaia is delivering full 6D phase space information at unprecedented quality. It is well known that motion of stars in the Solar Neighborhood can be strongly affected by the gravitational perturbation caused by the bar, most effectively when orbits are in resonance with the bar, i.e. when the orbital frequencies of the stars are in commensurable relation with the bar's pattern speed. If the bar decelerates, resonance regions sweep through the stellar phase-space, trapping and dragging a number of orbits resulting in a notable change in the stellar distribution. Therefore the current local kinematics can be used as archaeological evidence to probe the evolutionary history of the bar (Weinberg 1994) . The top row of Fig. 1 shows the kinematic substructure revealed by the Gaia DR2 data-release (Katz et al. 2019; Gaia Collaboration et al. 2018 ) with the parallax offset and distance derivation from . We identify the 2D in-plane structure in three different statistics:
• Left-hand panel:
The velocity distribution f (v R , v ϕ ) of stars at the Solar Neighborhood showing substructures which have long been suspected to be caused by resonances induced by non-axisymmetric components of the Galaxy (e.g. Kalnajs 1991) . In particular, the large sub-population seen in the low v ϕ and positive v R region, referred to as the Hercules stream, has been extensively discussed in terms of the resonance with the bar (e.g. Dehnen 2000) .
• Middle panel: The distribution in the action plane f (J ϕ , J R ) estimated in an axisymmetric logarithmic potential which has been identified by Sellwood (2010) using data from the GenevaâȂŞCopenhagen survey to strikingly show structures aligned with the resonant lines and more recently been used by works on Gaia DR2 (e.g. Trick et al. 2019 ). Note that the parabola-like boundary are due to the sampling of stars from the solar neighborhood.
• Right-hand panel: The mean radial velocityv R plotted over the angular momentum L z and Galactic azimuth ϕ. The significant distance probed the Gaia enabled us for the first time to look into the spatial dependence of the kinematic structure. Each stripe shows a different azimuthal dependence, indicating a distinct origin (Friske & Schönrich 2019) .
With this phase space information, one should in principle be able to identify the positions of resonances with the bar perturbation and thus predict the pattern speed of the bar. Yet this task has proven to be seriously degenerate; there are currently many possible models which can reproduce the observed features with different resonances. This has led to a major debate between proponents of a fast/short bar (Ω p 50 km s −1 kpc −1 ) and a slow/long bar (Ω p 40 km s −1 kpc −1 ), where the debate has mainly concentrated on the identification of the origin of the Hercules stream: Fast bar proponents (e.g. Dehnen 2000; Antoja et al. 2014) interpreted the Hercules stream as stars near the outer Lindblad resonance (OLR), which well matches the strength of the feature and the offset in v R , though the resulting high pattern speed contradicts with the modeling of the bar/buldge using red clump stars (Wegg et al. 2015) and studies on the inner gas dynamics (Sormani et al. 2015) . Slow bar proponents Pérez-Villegas et al. 2017; Monari et al. 2018) interpreted the Hercules stream as due to orbits trapped in the corotation resonance (CR). However, their models tend to underpredict the strength of the observed feature (or vice versa require a too strong bar).
In the middle row of Fig. 1 we present a test particle simulation for such a slow quadrupole bar (m = 2) rotating with a constant pattern speed Ω p = 35 km s −1 kpc −1 and reasonable strength/amplitude fitted to the model of (Sormani et al. 2015 ) (see the main text for details). We mark the CR in solid lines and the OLR in dot-dashed lines. As mentioned above, the Hercules stream is underpredicted in the velocity plane (left) as reported by many other authors. In the bottom row, we show results with our slowing/elongating bar model with the same strength and mode (m = 2). The deceleration of the bar increases the strength of the Hercules stream, as well as offsetting the resonance towards larger v R , thus offering a better fit to the data. Our slowing bar model also produces strong resonance features of minor high order resonances in between the CR and the OLR as confirmed in the action plane (middle). We can also see in thev R (L z , ϕ) plane (right) that the CR appear as a spear-head structure which is identifiable in the Gaia data without doubt near L z ∼ 1500 kpc km s −1 . We must note that in this paper we have used the simplest possible model for a slowing bar; we did not endeavour to include higher-order modes of the bar which will enahance the signiture of the smaller resonances (Monari et al. 2019) and to overlay transient spirals which would phase mix the resonance features (Hunt et al. 2018 ). Therefore we do not aim to offer a model that accounts for all the observed features, but rather to show qualitatively the significant impact of the deceleration of the bar.
The paper is organized as follows: In the next section 2, we will introdcue our slowing bar model and then discuss resonance dragging using secular perturbation theory where we show how a time-dependent pattern speed leads to a drift in actions -both angular momentum and radial action -of resonantly trapped orbits. Section 3 describes the method of our test-particle simulation. In section 4 we start our discussion with a constantly rotating bar and subsequently explore the kinematic consequence of a slowing bar. Section 5 concludes.
THEORY
Coordinate frame
Throughout the paper, we take the position of an observer at the Galactic South Pole, thus using positive pattern speed, azimuthal velocity and angular momentum. In our frame the radial velocity v R points radially outwards in contrast to the usual heliocentric radial velocity U. We use v c = 235 km s −1 for the Galactic circular velocity, R 0 = 8.2 kpc for the Solar galactocentric radius, ϕ b − ϕ ⊙ = 30 • for the Solar galactocentric azimuthal angle with respect to the bar major axis ϕ b , and (v R ⊙ , v ϕ ⊙ − v c ) = (−11.1, 12.24) km s −1 in concordance with previous findings (Joshi 2007; Schönrich et al. 2010; Schönrich 2012; McMillan 2017) . Since we deal with a slowing bar we choose to work in an inertial frame to make explicit the time dependence of the pattern speed.
Model
We focus on studying the behaviour of orbits perturbed purely by a slowing bar. We thus neglect self-gravitational effects in our model and assume a logarithmic background potential corresponding to a constant circular speed v c . We further simplify the discussion, by restricting the model to 2D (in-plane) motion. In line with previous studies, the bar is modeled as a m = 2 quadrupole, rotating like a rigid body (i.e. no flexing or winding up):
where Ω p (t) denotes the time-dependent pattern speed and thus ϕ b = ∫ t 0 dt ′ Ω p (t ′ ) expresses the current azimuth of the bar major axis (we choose Φ m < 0). Studies from N-body simulations (e.g. imply that the bar's slowing rate, − Ω p , decreases with time ( Ω p > 0). A reasonable model for the pattern speed is thus Ω p (t) ∝ t n , where n < 0. In approximation to , we choose n = −1, which corresponds to a linear increase in co-rotation radius R CR . Therefore
where v CR is the constant velocity of the co-rotation radius. The extent of the bar's slowing rate is best described using the following dimensionless parameter
Since we only consider the case where the bar is slowing down ( Ω p < 0), η is defined to be positive. In our model, where the co-rotation radius increases linearly with time, η is v CR /v c , the dimensionless representation of v CR . A finite size of the bar implies that the amplitude of the quadrupole bar Φ m (R, t) decays at large radii as R −3 . At small radii the bar's quadrupole must vanish as fast as R 2 to ensure the perturbed surface density to be azimuthally smooth at the origin. Thus we model the radial dependence of the bar as
where R b (t) is a scale length of the bar that is modeled to increase as the bar slows down. In concordance with the findings of Athanassoula (1992) , we model R b (t) such as to keep the ratio against the co-rotation radius constant;
The strength of the perturbation is parametrized by the ratio of the maximum azimuthal force due to the bar and the radial force due to the unperturbed potential at the co-rotation radius R CR ; Then the amplitude of the bar potential should take the following form
The choice of negative sign ensures alignment of ϕ = ϕ b with the bar's major axis (the potential minimum). Fig. 2 shows the radial dependence of Φ m where we fit our model to the model of (Sormani et al. 2015 ) (hereafter SBM2015), which was constrained to reproduce the central Milky Way's gas flow pattern. In accordance with SBM2015, we set Ω p = 40 km s −1 kpc −1 corresponding to R CR = 5.875 kpc and fit the model via b and A. We note that our bar potential is significantly stronger near the outer Lindblad resonance, and may need to be adapted when a quantitative fit of the resonance is required. The fitted value b = 0.28 1 is used for all simulations presented in this paper. For the strength of the bar, we run simulations with a variety of values in the range 0.01 ≤ A ≤ 0.03. In our slowing bar model, we keep both b and A constant while the bar slows down.
Review of linear perturbation theory
Orbits free of resonant trapping are well described by linear perturbation theory where any deviation from circular orbit is assumed to be small at the order of ǫ ∼ Φ b /Φ 0 (see e.g. Binney & Tremaine (2008) pp.189-191 where the equation below is derived). As a corollary, one will find that this assumption breaks down near resonance. Specifically, when the change of pattern speed per bar rotation period is sufficiently small, we yield the following solution for the radius of an orbit perturbed by the bar Here R g is the guiding radius and Ω is the rotation frequency of a circular orbit. The second term describes the epicycle motion with amplitude R a , frequency κ and initial phase θ R0 . The third term oscillates with a beat frequency m(Ω − Ω p ) between the orbit and the perturbation implying that in the absence of epicycle motion, the orbit (in 2D) closes in the corotating frame of the bar after a beat period. These orbits with R a = 0 are termed the parent orbit of a class of orbits with identical parameters, but R a > 0. Akin to a simple driven harmonic oscillator, the assumption of small excursion breaks down near resonance: the third term in equation (8) indicates a divergence of radius at the corotation resonance (CR, Ω = Ω p ), the outer Lindblad resonance (OLR, Ω − Ω p = −κ/m), and the inner Lindblad resonance (ILR, Ω − Ω p = κ/m), signaling the break-down of the equation. Each divergence is accompanied by a sign change in the third term: the first term in the square bracket dominates for most shapes of the perturbing potential, so that at each resonance, the parent orbits switch from alignment with the bar major axis (x 1 orbits) to anti-alignment (x 2 orbits). This implies that when the pattern speed changes, orbits that are passed over by a resonance switch their alignment, if they are not trapped by the resonance. Linearizing the equation of motion has swept away the possibility of finding excitations of other high order resonances. In principle, an unlimited number of resonances occur, when commensurability is satisfied between the radial Ω R (κ in the limit of epicycle approximation) and the azimuthal frequencies Ω ϕ (Ω for circular orbits);
With no loss of generality, we will define N ϕ ≥ 1 since the resonance at (N R , −N ϕ ) is a repetition of (−N R , N ϕ ). Notice that the condition of resonance depends on the pattern speed but has no dependence on the mode/wavenumber m of the perturbation Orbits that exactly satisfy the resonant condition are closed in the co-rotating frame of the bar. Their stability -the capability of becoming a parent orbit -was analyzed in detail, for example, by Contopoulos & Grosbol (1989) .
Resonant dragging
We here set out to study the behaviour of an orbit resonantly trapped/dragged by a slowing bar. The motion of quasi-periodic orbits is best described using actions J = (J R , J ϕ ), which define a torus, and corresponding angles θ = (θ R , θ ϕ ), which encode the position on the surface of a torus. The main benefit of these actions is that they are approximately conserved quantities under adiabatic changes; e.g. if the system slowly gains mass, or e.g. the bar slowly grows/decelerates, actions of most orbits will be conserved, with the exception of orbits with a resonant condition, or a too large orbital period violating the condition of adiabaticity. The azimuthal action J ϕ is identical to the angular momentum L z ,
and J R is a measure of the radial excursions from a circular orbit;
The divergence at resonance that we encountered in the linear perturbation theory can be removed by performing a canonical transformation to a frame of reference that rotates with the resonant frequency (Lichtenberg & Lieberman (1992) p109-117). Near but slightly off the resonance, the frequency
becomes very small and thus its time integral, the so called slow angle variable θ s ,
evolves slowly around the resonance compared to θ R . The timescale disparity between θ s and θ R enables us to separate the dynamics into slow and fast components. Thus we make a canonical transformation to a new set of angle-action variable (θ ′ , J ′ ) by choosing θ R to be the other new angle which we rename as the fast angle variable θ f ;
To obtain the new actions J ′ = (J f , J s ), we perform a canonical transformation via a generating function of form W(θ, J ′ , t). Recall from classical mechanics that
The first equality instructs us how to construct the simplest W:
The second equation gives
and thus
The last of the three equations in (15) provides:
where the perturbing potential is developed into a Fourier series Ψ k (J ′ , t) on the set of indices k = (k f , k s ) (the equations for the Fourier coefficients are given in Appendix B).
During the rapid cycles in θ f , θ s can be assumed constant. Hence, one extracts the slow dynamics of θ s by averaging the Hamiltonian over θ f ;
where Ψ k s ≡ Ψ (0,k s ) . Generally, the amplitudes drop rapidly with k s (Binney 2018), so as first order approximation, we only retain k s = ±1. If we exploit the reality of the Hamilto-
where |Ψ 1 | and ψ 1 describe the amplitude and phase of the complex Fourier coefficients Ψ 1 . For the purpose of brevity, we henceforth use the following auxiliary variables
The equations of motion are then
By differentiating equation (24) with respect to time, ignoring terms small to second order in F and also θ s (= Ω s ) as it vanishes at the resonance, and substituting equation (23), we yield
We recognise equation (25) as a classical pendulum equation (Chirikov 1979 ) with an additional term incorporating the elongation of the bar (third term) and the change in pattern speed (fourth term). Formulas for F and G are given in equation (B2) and equation (C1) respectively. The order of the third term compared to the fourth term is as small as (32).
ILR CR OLR
so as first order approximation we will neglect the third term. The effect of the third term will become significant when the strength of the bar is modeled to grow rapidly (in our current model we assumed A = const. so F is due only to the stretching of the bar). We leave exploration of a slowing + strengthening bar to a later study. In the following, we approximate G and F with their values at the resonance J s = J s,res at t = t res . The corresponding J f is determined by the resonance condition Ω s (J s,res , J f ) = 0.
We now look at the impact of the dragging/slowing term on the modified pendulum equation (25). The order of the slowing term is
where we invoked the parameter η = − Ω p /Ω 2 p defined in equation (3). Using equation (28), we may rewrite equation (25) as
Note that the sign of the slowing term η/A reverses at the ILR because G > 0. We numerical integrate equation (29) together with (23) and follow the motion of orbit in the (θ, J s ) plane. Fig. 3 (a) shows the phase plane of a pendulum with η/A = 0. As described in the figure, trapped orbits librate around the resonance at (θ, J s ) = (0, J s,res ). This region is bounded by the separatrix, which has maximal/infinite libration time. Outside the separatrix, non-trapped orbits freely circulate, with less amplitude in J s the further they are from the resonant region. Figures 3 (b) and (c) show the same plot when the bar slows down moderately (0 < η/A ≪ 1) and extremely rapidly (η/A = 1). As in Fig. 3 a) the amplitude of oscillations in non-trapped orbits depends on the proximity to the resonant region, so fluctuations of orbits circulating above the separatrix amplifies as the resonance approach while that below the separatrix attenuates as the resonance pass away. On the other hand, in the librating regime, the additional term η/A causes a drift in J s . To see how this works, let us employ the small-angle approximation.
We then obtain
where ω ≡ √ GF,θ and φ are the frequency, amplitude and initial phase of the oscillation. To justify the small-angle approximation, we require η/A to be small which is satisfied when the bar is either strong or slowing down slowly. We insert this solution into equation (23) and integrate:
Clearly, this describes an oscillation (first term) plus the drag (second term) of the orbit in J s along with the resonance. When η = 0 ( Ω p = 0), the drift term vanishes as expected.
When η > 0 ( Ω p < 0) we find that, at OLR and CR, it leads to a positive drift in J s (note that F < 0) and thus in J ϕ ; resonantly trapped orbits at OLR and CR are dragged radially outwards by the slowing bar. In contrast, the sign change in G implies that at the ILR, the resonant orbits are dragged towards lower J ϕ since the sign of the term η/A changes. Strictly speaking, the choice of sign in N ϕ dictates the sign of drift in J s but leaves the direction of drift in J ϕ unaffected. Fig. 3 (c) shows that if the bar is too weak and/or the resonant sweeping is too fast, then the third term of equation (29) dominates the dynamics and will force θ to circulate; in such case, orbits cannot stay trapped at resonance and thus dragging will not take place. Let us also see what happens to the radial action of the dragged orbits. On averaging the Hamiltonian over the fast angle, we have implicitly concluded that the fast action is effectively conserved ( J f = 0). Therefore the time derivative of the radial action (equation (18)) is simply,
This is still the well-known result known to most readers in the context of radial migration (Sellwood & Binney 2002) : as a response to the positive dragging in J ϕ , the radial action of trapped orbits is conserved at CR (N R /N ϕ = 0) whereas continuously increases at OLR (N R /N ϕ > 0). On the other hand, a negative dragging in J ϕ at the ILR (N R /N ϕ < 0) will be compensated by an increase in radial action. We summarize the direction of resonant dragging in table 1. These behaviours are confirmed numerically in Fig. 17 . We can also understand the effect of the slowing term from the viewpoint of an effective potential. By multiplying θ on the modified pendulum equation (29) and integrating over time, we obtain the following energy invariant;
where
E p qualifies the distance from the resonance point in the (θ, J s ) plane. Note that the existence of the conserved quantity E p , albeit to first order, is specific to our model where Ω p ∝ t −1 and thus η = − Ω p /Ω 2 p is constant. The configuration of the effective potential V(θ) is shown in Fig. 4 . The potential is inclined due to the linear term in equation (34). As a result, the minimum E p necessary to get over the potential crest in a slowing bar becomes smaller than that in a constant bar by a factor of (1 − ηπ/A). Figure 4 . Potential of the modified pendulum. Orbits trapped by the resonance are confined within the potential well. A decreasing pattern speed results in a tilt in the pendulum potential meaning that the minimum E p necessary to escape the resonance becomes smaller than that in a constant pattern speed.
the orbit is trapped in the local potential well and therefore dragged, whereas if the energy is slightly higher than E p,sep , the orbit will escape the resonance from the θ = π side and continue to progress toward positive θ (lower circulating regime). If E p is further higher such that E p > GF(1 + ηπ/A), orbit can proceed to the θ = −π side (upper circulating regime) but will eventually reflect back and transfer to the lower circulating regime. The reflection occurs when the resonance passes the orbit. In the extreme case η/A ≥ 1, the potential does not form a local minimum and thus none of the orbits can stay in resonance. The maximum E p a resonantly trapped orbit can retain decreases as the bar slows down more rapidly. A decrease in maximum E p implies that the phase space volume of resonantly trapped orbit is shrinking. Fig. 5 shows how this appears in action space. Actions and intrinsic frequencies are computed using equations (A1)-(A5). The resonant lines (ILR, CR, and OLR) in which the resonance condition is exactly satisfied are drawn in thick white in Fig. 5 . Because the resonant lines are negatively inclined in action space, resonantly trapped orbits with large J R will have smaller J ϕ than that of trapped orbits with small J R . This has interesting consequences for the distribution function of stars around the resonance of a slowing bar, where the orbits dragged along with the Lindblad resonances are heated in J R . The solid green lines in Fig. 5 marks the maximum excursion of J s from the exact resonance J s,res which happens at E p = E p,sep and θ = 0. Thus from equation (24), (33) and (35) we have,
It is important to note that not all orbits within the green boundary are trapped, as it only depicts the maximum extent in actions, while the trapping hinges upon the angles θ as well. One can see that the area of action space enclosed by the resonance boundary becomes smaller the faster the bar decelerates. The green lines approach the exact resonance line with increasing η/A, and finally the resonant region vanishes when η/A reaches unity.
The white thin lines crossing the resonance represent the line of constant J f which the librating orbits are assumed to follow in our resonance theory. In fact, conservation of J f is truly satisfied only at the resonance line (J = J res ) and is otherwise an approximation to the precise conservation of the Jacobi integral E J which is mapped by the colour scale in Fig. 5 as in Binney (2018) , where he computed the actions in a 3D axisymmetric Hamiltonian using torus mapping. The line of constant J f and E J matches precisely at the resonance line but deviates as the libration amplitude becomes large which is particularly notable at the CR. Mathematically, conservation of
only when the orbital frequencies Ω(J) in equation (37) are approximated by their values at J = J res .
TEST-PARTICLE SIMULATION
To ensure full control over the model parameters, we are using a test-particle simulation of orbits integrated in a fully analytical potential presented in the Section 2.2. Our simulation technique is similar to Mühlbauer & Dehnen (2003) , who examined the kinematics around a steadily rotating bar. We integrate in each simulation 10 8 orbits forward in time using a 4th order symplectic integrator (Yoshida 1993) , with a time step of 0.1 Myr. Parameters of our model are summarized in table 2. Figure 6 . Schematic diagram of the strength of the bar A(t), the co-rotation radius of the bar R CR (t), the length of the bar R b (t), and the pattern speed Ω p = v c /R CR (t). The bar is adiabatically grown while keeping the pattern speed constant, and subsequently slown down with its strength unchanged. The length of the bar is elongated proportional to the co-rotation radius as R b (t) = bR CR (t) where b = 0.28 is determined by fitting our model to SBM2015.
Initial distribution function
The initial distribution function is given by (Dehnen 1999) ;
is the radius, circular frequency, and angular momntum of a circular orbit with energy E. We assume an exponential profile with scale lengths R Σ and R σ for both the surface density Σ(R) and the radial velocity dispersion σ R (R) of the disk;
where R 0 is the galactocentric distance of the Sun and σ ⊙ is the local stellar velocity dispersion. Throughout our work, we adopt R Σ = 2.5 kpc, R σ = R 0 = 8.2 kpc, and σ ⊙ ≡ σ R (R 0 ) = 40 km s −1 .
Once (E, L z ) are determined from equation (38), we compute the initial radius R by integrating equation (A3) given a random radial angle variable θ R ∈ [0, 2π). The corresponding initial velocities are then determined
z /R 2 and the initial azimuthal angle is sampled randomly from ϕ ∈ [0, 2π).
Adiabatic growth of the bar
A sudden onset of the bar perturbation will lead to a permanent change in action. As done in the past literature, we avoid such an unnecessary distortion from a more realistic case by growing the bar slowly, i.e. we ramp up its strength A from 0 to its final value A f during the time interval 0 < t < t 1 using the polynomial law from (Dehnen 2000 )
Choosing t 1 = 2 Gyr, this ramp is adiabatic for almost all orbits, apart from the the surface of the resonances, where adiabaticity is obligatorily non-adiabatic.
Pattern speed
As described in section 2.2, we model the pattern speed to decrease inverse proportional with time which amounts to a linear increase in co-rotation radius. To separate effects, we keep R CR constant during the ramp-up of the bar amplitude (0 < t < t 1 ), and then smoothly start the slowing within (t 1 < t < t 2 );
where R CR0 is the initial co-rotation radius and v CR is the velocity of the co-rotation radius (here typically of the order of 0.1 km s −1 ). Remind that in line with the decrease in pattern speed, the bar is made more elongated by keeping the linear relation R b = bR CR . The time variation of the bar's properties are drawn in Fig. 6 .
Selection function
When we compare our model with observational data, we apply to our simulation the distance-dependent selection function of the Gaia data with quality cut in parallax of p/σ p > 10 ( Schönrich et al. 2019 ). The adopted selection function is shown in Fig. 7 . The data are fitted using the following analytical function S(s); where s is the distance from the sun and a i (i=0...9) are the fitting parameters. Two things are to be noted here:
• As a somewhat trivial point, the function here is similar but not identical to the function provided in equation (6) of Schönrich et al. (2019) , as here we have to figure in the additional effect of the parallax cut, which must not be applied to the distance estimation.
• More importantly, this is only an indicative bias. In truth, the sample selection is based on a photometric selection, which will result in strong biases along age and metallicity, which are much too complex for coverage in this exploratory study. These effects will also be distance dependent, as the near field (s < 1 kpc) is dominated by dwarf stars and subgiant stars, which have a very different agemetallicity selection function from the giant branches dominating the far field.
RESULTS AND DISCUSSIONS
Constantly rotating bar
Before we turn to the main topic of our paper, i.e. the effects of a slowing bar, we discuss the results of the simpler compar- (42). We apply this simplified selection bias to our simulation to roughly assess the impact selection effects. ison case, i.e. the orbital structure around a constantly rotating bar with standard parameters. Here we choose amplitude A = 0.02 and pattern speed Ω p = 40 km s −1 kpc −1 = 1.41Ω ⊙ according to SBM2015. Fig. 8 shows examples of different orbit classes seen in the frame corotating with the bar, where the bar's major axis is represented by a thick black line along the x axis. Note the different scale of each panel. The black circles mark the radii of ILR (dotted), CR (solid) and OLR (dot-dashed). We show non-resonant orbits in the top panel. The non-closed orbits (light blue) with non-zero radial action surround the closed orbits with the same angular momentum (dark blue). As discussed in Section 2.3, the orbit orientation changes at each of the three resonances: orbits are enlongated parallel to the bar outside the OLR and between CR and ILR, while they are elongated perpendicular to the bar inside the ILR and between CR and OLR.
The bottom panel of Fig. 8 provides examples of orbits at the main resonances together with their resonance condition as defined in equation (9): the outer 1:1 resonance (O11L , N = (1, 1) , top left), the outer Lindblad resonance (OLR , N = (1, 2) , top right), the outer ultra-harmonic reso- x [kpc]
(B) E J = − 5.5 Figure 9 . Surface of sections near OLR for E J = -6.3, -5.9, and -5.5 km 2 s −2 respectively. The colored invariant curves correspond to orbits presented in Fig. 8 (A), (B) , and (F). Non-closed orbits (light blue) encircle their corresponding closed parent orbits (dark blue). The phase space is restricted to the right of the thick limiting curve defined by the equation N = (−1, 2) , bottom right). The corresponding resonant closed parent orbits again depicted in dark blue are far from circular and are beyond the description of equation (8).
The orbits' family relations at resonance are better understood using their surfaces of section. In Fig. 9 , we show Test-particle simulation Linear perturbation theory Figure 11 . Average radial velocityv R vs. angular momentum L z at an assumed solar azimuth relative to the bar ϕ b − ϕ ⊙ = 30 • . The black solid curve depicting the result of non-resonant linear theory (eq.43), is compared to the results of test-particle simulation without (solid blue curve) and with (dashed blue) the simplified Gaia selection function applied. The black vertical lines represent, from left to right, the ILR, CR, OLR, and O11R respectively. The black square marks the values of the Sun. Since the majority of orbits are non-resonant and near circular, linear perturbation theory qualitatively captures the main features of the simulations.
surfaces of section in the reduced phase-space (x, v x ) at y = 0 and v y < 0 for orbits near the OLR. Each panel shows a set of orbits with the same (conserved) Jacobi integral, E J = E − Ω p L z , the value of which is shown in the top left corner. Each non-closed orbit forms consequents, which appear as ring-like features in these plots (though subsequent passages are not adjacent to each other). Each colored invariant curve corresponds to an orbit shown in Fig. 8 (A) , (B), and (F). Near the OLR, increasing E J from top to bottom generally moves the mapped phase space towards lower L z and higher J R as can be recognised in Fig. 5 . The orbits in the top plot have too small E J to be near the OLR, so the only visible parent/closed orbit is an x 1 non-resonant orbit. In the middle panel, a new consequent of x 2 non-resonant orbits appears near x ∼ 9.2 kpc and the orbits circling the parent orbit around x ∼ 11.2 kpc are now in resonance with the OLR. Both groups are surrounded by non-resonant x 1 orbits with large radial motion. In the bottom panel the region of x 2 orbits around x ∼ 8.3 kpc has expanded, and the region of resonant orbits starts shrinking. Also, there are minor resonances occupying much smaller regions of phase space, e.g. the small crescent shape belonging to a 2 : 3 resonance orbit, moving around its parent orbit inside the resonant island.
One essential difference between resonant and nonresonant orbits is the range of motion of the apsis, i.e. the maximum and minimum radii (Monari et al. 2017b ); the apsis of non-resonant orbits in the bar rotating frame takes all values of azimuthal angle, whereas the apsis of resonantly trapped orbits is restricted to a finite range. The motion of the pericentre is closely related to the slow angle variable θ s because if we define θ R to be zero at the pericentre then
Therefore the equilibrium point of θ s at the OLR is π, since N ϕ = 2 and ϕ peri = π/2. Fig. 10 shows the phase space of slow angle- action variables for orbits near the OLR. As in Fig. 3 , we observe the clear distinction between trapped and non-trapped orbits; the non-resonant orbits (A) and (B) move freely in θ s , while the orbit trapped by the OLR (F) oscillates around θ s = π. The small oscillations on top of the slow dynamics are the fast oscillations over which we have averaged in the resonant theory in Section 2.4. Noted aside, the dark blue parent orbits of the non-resonant orbits are not circling in θ s due to the definition of θ s via the pericentre/apocentre position of the orbit, which fixes their position until the fast oscillation has sufficient amplitude. Now we look into the velocity distribution of a full ensemble of these test-particle orbits. The upper panel of Fig. 11 shows the mean radial velocityv R as a function of L z at an assumed azimuthal position of the Sun relative to the bar's major axis (ϕ b − ϕ ⊙ = 30 • ). The velocity is sampled from particles within a narrow slice (|∆ϕ| < 0.5 • ) centred on the Sun. The general relationship betweenv R and L z can be understood from the orientation (aligned or anti-aligned with the bar) and rotating direction (prograde or retrograde with respect to the bar) of the closed parent orbits, e.g. orbits outside the OLR are aligned with the bar and are retrograding so the radius of the closed orbit is shrinking at solar azimuth which results in v R < 0. Non-closed orbits may have positive or negative v R when they cross the solar neighborhood depending on their epicycle phase, but since orbits are initially distributed uniform in θ R , the mean v R at solar azimuth is essentially represented by the v R of the closed orbits. The analytical formula for the mean radial velocity at solar azimuth is obtained by differentiating and averaging equation (8) 
where R g = L z /v c , Ω = v c /R g , and κ = √ 2Ω in our flat rotation-curve model. The above equation delivers the black line in Fig. 11 , which qualitatively explains the structure of the numerical results. The positive peak just behind the OLR line was the original interpretation for the Hyades stream by Kalnajs (1991) and the Hercules stream by Dehnen (2000) . The small positive peak at CR is due to the resonantly trapped orbits reaching the solar azimuth as they rotate (clock-wise) around the Lagrange point L 4,5 . Pérez-Villegas et al. (2017) has attributed the Hercules stream to this peak, and supported the idea of a slow/long bar. The dotted blue lines in Fig. 11 show the results after imposing the Gaia selection function. The biased result deviates from the non-biased result at small L z but otherwise the overall structure is kept the same.
One of the central benefits from Gaia is that we can now observe stars over a wide range in Galactic azimuth, and this dependence was quantified by Friske & Schönrich (2019) and is also shown in panel (b) of Fig. 1 . Analogously we show in Fig. 12 the ϕ-L z dependence of the mean radial velocitȳ v R . The vertical black lines show from left to right the ILR (dotted), CR (solid), OLR (dot-dashed) and 1:1 resonance (dashed) position. The findings are consistent with previous papers -the sign of v R flips when we pass through the bar's major and minor axes, and as discussed before the sign also flips when passing over ILR and OLR. We also see a weak eye-like shape of orbits trapped in the CR rotating around the bar minor axis ϕ − ϕ b = ±π/2. Of particular interest is the solar neighbourhood/GaiaDR2 area, which is marked by 
perturbed by a steadily rotating bar. The separatrices of the CR (solid) and OR (dashed lines) are estimated by computing the angle-action variables in the unperturbed potential (Appendix A) and then using E p = GF(1 − ηπ/A) for the boundary of the resonance. The contours of the distribution are logarithmic with a 0.44 dex spacing.
a black box. The bottom panel zooms into this region and we apply the spatial selection to allow a more direct comparison with Fig. 1(b) . We see a pair of positive and negative stripes at the OLR and a broad stripe at the CR that narrows as we approach the major axis of the bar. These stripes may account for one or more of the stripes in the Gaia data but this model clearly is far from explaining the full pattern. Fig. 13 shows the change in action distribution after the bar has developed. As in Fig. 5 , we draw the resonance lines (thick black), lines of constant J f (thin black rungs), and the maximum extent of trapped/librating orbits (purple). Orbits near the resonance become trapped and librate along constant J f , crossing back and forth the resonance line. At the CR and beyond, this generally results in a density enhancement at larger actions relative to the resonance, since the initial distribution in action space declines exponentially both in J R and J ϕ . At the ILR, the resonance line almost coincides with the lines of constant J f so the resonance moves orbits along the resonance line towards high J R .
Finally, Fig. 14 shows the velocity distribution f (v R , v ϕ ) in the solar neighborhood (s < 0.3 kpc) drawn from the test particle simulation for three different bar strength (amplitude increasing from top to bottom) and two different pattern speeds (columns) both identified as a slow bar. A wider range of pattern speeds, including the traditional fast bar will be shown as comparison case to the slowing bar models in the next section. The black solid and dot-dashed curves mark the separatrices enclosing the resonant regions of the CR and the OLR as done in Monari et al. (2017b) . At Ω p = 40 km s −1 kpc −1 , orbits trapped by the OLR appear dis-tinctively as an arch above the circular velocity, whereas the velocity distribution of orbits trapped by the CR is connected rather smoothly to that of the non-resonant orbits outside the resonance. 2 For this reason, past studies disfavoured explaining the Hercules stream using the CR (Dehnen 2000; Monari et al. 2017a; Fragkoudi et al. 2019 ). In the next section we will show that this problem is naturally resolved in the case of a decelerating bar where the CR can capture more stars and on a different action distribution, as its resonances form further inside and then sweep through the disk. However we mention here again that better success in reproducing a Hercules like stream within the traditional constantly rotating bar framework can be achieved by adding higher order modes of the bar (Monari et al. 2019) or transient spirals (Hunt et al. 2018) . Since none of these perturbations are ignorable, it will be important in the future to combine these models and distinguish their role, once the kinematic consequence of individual perturbations are well understood.
Slowing bar
We now consider the effect of a slowing bar. Two new processes arise from resonance sweeping: dragging of resonantly trapped orbits along with the moving resonance and trapping of non-resonant orbits when the resonance crosses over their domain. We note that at current stage capture and loss from resonances requires a numerical treatment, as in secular perturbation theory the conservation of E p does not allow for resonant capturing. Nevertheless the analytic approach provides that resonant regions become smaller with decreasing amplitude A and increasing slow-down rate η of the bar, so we have a naive, but quite firm expectation that the capturing rates and the retention rates will also decrease with increasing η/A.
In Fig. 15 we show the probability of being successfully dragged by the OLR of a slowing down bar as a function of the strength/amplitude of the bar A and the slowing rate η (see equation (3) for definitions). The orbits are initially in resonance with the OLR of the bar rotating at Ω p = 60 km s −1 kpc −1 and the bar is slowed down to Ω p = 30 km s −1 kpc −1 . The "successful dragging" fraction shown in this plot is defined as the fraction of stars originally in the OLR that then experience a relative increase in angular momentum L z by a factor L z /L z0 > 1.2. The factor ensures that this change is larger than the libration amplitude of L z within the OLR. For each parameter set (A, η), we use 100 particles with the same initial actions (J R , J ϕ ) = (19.4, 1524.5) kpc km s −1 but with random angular phase. We choose the initial action such that it is exactly on the resonance line so all orbits are in resonance regardless of the angular phase. The result clarifies the analytical expectation that the stronger the bar and slower the sweeping rate, the more likely the stars stay captured in resonance. The critical boundary is fairly linear which backs our idea that the single parameter η/A satisfactorily describes the efficiency of resonant dragging. In a similar fashion, we examine in Fig. 16 the occurrence of resonant capturing by the moving OLR. Here the initial actions are set to (J R , J ϕ ) = (19.4, 1921.1) kpc km s −1 such that the orbits are initially free from resonance. The blue transition region roughly matches that of Fig. 15 , though it has a broader transition layer indicating a strong dependence of capturing on the orbital phase at which the orbit encounters the separatrix of the resonance. Figures 15 and 16 imply that there exist three parameter regimes in which the dynamical consequence of a slowing bar differs qualitatively. The white regime is where the resonance sweeping is too fast or the bar is too weak for resonant trapping or dragging to take place. We will not explore this region in detail since here the orbits will only experience the resonance sweeping as a transient noise. The extreme opposite is the black region where most orbits are captured and dragged by the resonance resulting in a great Figure 17 . Orbits swept by a slowing bar decreasing its pattern speed from Ω p = 80 km s −1 kpc −1 to 40 km s −1 kpc −1 in 12.5 Gyrs (η = 0.001). Drift in angular momentum (3rd column) is only seen for orbits that are resonantly trapped. The radial action (4th column) increases when dragged at all resonances except the CR. The fifth column shows the development in the resonant slow action/angle coordinates.
migration of orbits. The blue intermediate regime is where resonant orbits are dragged but not all non-resonant orbits are captured. This discussion neglects that orbits captured in resonance can also be kicked out and in by gravitational fluctuations due to satellite galaxies, transient spiral arms, and giant molecular clouds, a discussion which we have to defer to a later study. The CR is larger than the OLR, and shows similar behaviour to the OLR, but the situation is more complicated due to the series of small higher-order resonances piling up towards the CR region, leading to chaotic behaviour. We therefore find it more straightforward to use the parameter map at OLR to distinguish whether the bar is decelerating slowly or rapidly, while using the CR as a corroborating source of evidence. In the following, we will show results covering all three regimes, using parameter sets placed on the nodes of the orange grid in Fig. 15 and 16 , first starting with an in-depth analysis of two different cases: a slowly (marked by the orange circle) vs. a rapidly (triangle) decelerating bar. Fig. 17 analyses typical orbits subject to a slowly decelerating bar, where Ω p decreases from 80 km s −1 kpc −1 to 40 km s −1 kpc −1 in 12.5 Gyrs (with a transition period t 2 − t 1 = 1 Gyr), i.e. we use the slowing parameter η = 0.001, and the corotation resonance sweeps outwards with v CR = 0.235 km s −1 , while we use bar amplitude A = 0.02 and thus η/A = 0.05. As in Fig. 8 we show more eccentric orbits (light blue, second column for position space) against their closed parents (dark blue, first column in position space). The gray and black circles indicate the initial and final resonance radii for ILR (dotted), CR (solid), and OLR (dot-dashed). The orbits have initial guiding centre radii of (a) 7.1, (b) 5.2, (c) 4.0, (d) 3.0, (e) 1.7, and (f) 1.0 kpc. The other columns provide the evolution in L z vs. time, J R vs. time, and the slow action J s vs. the resonant slow angle θ s throughout the evolution. Here J s,res is the value corresponding to the initial pattern speed. The rows (a)-(d) show orbits that are held in resonance and dragged radially outwards by the O11R, the OLR, the OUHR, and the CR, respectively. Within the rotating frame of the bar, frame deceleration causes an Euler force Ω p × R responsible for the slight anti-clockwise turn of the orbits' configuration (seen best in the tilted pericenter positions of rows (a) to (c)) and also causing the small shift in the equilibrium position in θ (right column, cf. equation 30). In the slow angle-action plane, all these orbits show a positive drift while librating around the resonance. The orbit in row (e) remains non-resonant and thus roughly maintains its orbital configuration and mean actions. In accordance with Fig. 3 , oscillations in J s attenuate with the CR moving away from the orbit. The orbit (f) is dragged towards low L z and larger J R by the ILR until it turns chaotic.
Slowly decelerating bar
The qualitative behaviour of the actions are all in line with the expectations from secular perturbation theory laid out in Section 2.4: at the outer resonances (a)-(c), both L z and J R continuously increases, whereas at the CR (d) only L z enhances while J R is kept constant; actions of non-resonant orbits (e) are both unchanged; at the ILR (f), L z declines while J R rises. Fig. 18 follows the evolution of the phase-space distribution of stars in the slowly decelerating bar simulation. The rows from top to bottom show the distribution every 2 Gyrs, denoting the pattern speed Ω p on the right in km s −1 kpc −1 . We provide the velocity distribution and action distribution at the solar neighborhood, as well as the mean radial velocity Figure 19 . Simulated phase space as in Fig. 18 when the bar decelerates rapidly from Ω p = 80 km s −1 kpc −1 to 30 km s −1 kpc −1 in 5.6 Gyrs.
The pattern speed at each figure is denoted on the right in km s −1 kpc −1 . Unlike the case of a slowly slowing bar (Fig. 18) , the effect of resonance sweeping is moderate yet the resonance features are more prominent than a constantly rotating bar (right of each column). The CR orbits reproduce well the Hercules stream in the velocity plane and the spear-like double peak inv R (L z , ϕ) seen in the Gaia data (Fig. 1) .
v R in the L z − ϕ plane in a narrow slice around the solar azimuth. For each panel we provide to its right the comparison case of a constantly rotating bar with identical amplitude and current Ω p .
In the velocity plane of the solar neighbourhood (lefthand columns), we see that the main resonances capture the majority of stars and dominate the picture. First, the OLR carries away the majority of non-resonant orbits leaving behind a significantly depleted numbers of orbits relative to the constant Ω p case, until the CR brings along the next swath of stars. At around Ω p = 43.3 km s −1 kpc −1 , an arch opened towards high v ϕ develops below the circular velocity. Orbits below this arc typically have sufficient kinetic energy to cross over the crest of the effective potential Φ − 1 2 Ω 2 p R 2 in the rotating frame and thereby wander in and out the bar regime (Fux 2001) . We note that Fux (2001) proposed that the Hercules stream may be associated with these orbits. However, no matter how we would tweak our parameters, the slowly decelerating bar studied here will have radically too strong resonance occupation to match the Gaia data.
The distribution in action plane (middle columns) shows similarly, how, in the case of a slowing bar, the main reso- nances capture and drag orbits towards higher angular momentum. In between the OLR and the O11R, we see multiple narrow lines. By probing the motion of individual particles in this regime, we confirm that these lines are due to orbits resonantly trapped and dragged by minor resonances (e.g. 2:3 resonance). The occupation on minor resonances depends on their stability under the acceleration but is also modified Fig. 19 . Behind the OLR line, two negative (blue) peaks are formed near solar azimuth indicated by the green horizontal line. Fig. 20 implies that the inner peaks are formed by the resonant orbits dragged and heated by the OLR, while the outer peak are due to the non-resonant orbits swept by the OLR.
by depletion by anteceding resonances; minor resonances in between the CR and the OLR are less promient since the preceding OLR sweeps away most of the non-resonant orbits in advance. In the case of a constant bar, density enhances at the right hand side of the resonances while it decreases at the left side of the resonance due to the flattening of the initial distribution function by librating orbits (see also Fig. 13 ). In the right columns of Fig. 18 , the amplitude of v R (L z , ϕ) continues to amplify both compared to earlier timesteps and in particular compared to the constantly rotating case, since the moving/sweeping resonances are collecting more stars. At the CR, particularly the edge of the resonance increases its strength indicating accumulation of orbits near the separatrix. The blue stripe associated with the OLR widens (primarily to the left) as the bar slows down because the trapped orbits increase J R while resonantly dragged and thus satisfy the resonance condition at a relatively lower L z compared to those with small J R (see Fig. 5 ).
Rapidly decelerating bar
A number of N-body studies have shown that the bar may slow down and grow more rapidly than we have assumed in Section 4.2.1. In accordance with we choose the slowing rate η = 0.004 (v CR = 0.94 km s −1 ), as indicated by the orange triangle in Fig.16 . Thus the pattern speed decreases from Ω p = 80 km s −1 kpc −1 to 30 km s −1 kpc −1 in 5.6 Gyrs. The strength of the bar is unchanged (A = 0.02), so η/A = 0.2. Analogously to Fig. 18 , we plot from left to right the velocity distribution, the action distribution, and the mean radial velocity in the L z − ϕ plane, along with the results of a constantly rotating bar on the right of each column.
In the velocity plane (left columns), the regions of resonance are much smaller (due to the sweeping) than those of the constantly rotating bar, but the resonant features appear more distinctively. At around Ω p = 36.1 km s −1 kpc −1 , the orbits trapped at co-rotation form a peak that resembles the observed Hercules stream much better both in strength (by sweeping up more stars) and in location (due to the shrinkage of the resonance region towards high v R ): As also seen in previous papers (see Pérez-Villegas et al. 2017) , the Hercules stream from a constantly rotating bar is far too symmetric between positive and negative v R , while the decelerating bar provides the strong asymmetry (which previously could only be achieved by the outer Lindblad resonance, see Dehnen 2000) .
In the action plane, multiple inclined ridges appear between the CR and the OLR; the small capturing rate at the OLR leaves opportunity for the orbits to be captured into the minor resonances passing later. These resonance structures are also seen in the action plane of the Gaia data (Fig. 1) . Obviously these signatures due to minor resonances will be more enhanced/modifeid if we add higher order components of the bar.
The right columns in Fig. 19 show that the amplitude in thev R pattern increases much less than for the slowly decelerating bar due to the smaller resonance capturing rates (note the different colour scales). Again at the CR, the newly captured orbits accumulate near the resonance boundary and form a spear-like (if we saw the full ϕ range, it would be an eye-like feature around the Lagrange point) structure which closely resembles the double positive peak in the Gaia data. In between the CR and the OLR line, we observe roughly two pairs of positive and negative stripes.
To better understand the origin of the multiple stripes inv R (L z , ϕ), we show in Fig. 20 the relative change of population density with respect to the initial distribution (δ f / f 0 = ( f − f 0 )/ f 0 ) and in Fig. 21 the mean radial velocity over the full azimuthal range without imposing the selection bias (in-dicating the solar azimuth ϕ b − ϕ ⊙ = 30 • with a green line). Fig. 20 clearly shows how the dense islands of orbits trapped at CR and OLR are dragged towards larger L z . At the CR, the radial action J R is conserved to first order, so its trapped stars follow the resonance line plotted for J R = 0, whereas OLR orbits lag increasingly behind the J R = 0 resonant line, since their J R increases and the resonance is negatively inclined in J R vs. L z at any time (Fig. 5) . Blue/Underpopulated areas are left behind the travelling OLR and CR, as these resonances sweep part of the stellar population with them. An even more intense depopulation is caused by the ILRstars trapped there drift towards lower L z and larger J R . Note that the initial distribution in L z declines exponentially so even if a group of orbits moves toward high L z while keeping their number density constant, they show apparent enhancement in δ f . Therefore, what we aim to clarify in Fig. 20 is only the location of the resonantly dragged orbits and not their absolute change in occupation number. The mean radial velocity shown in Fig.21 is strongly distorted and much more complex than the constantly rotating bar case seen in Fig. 12 , particularly between the CR and the OLR due to the overlapping of orbits trapped in the OLR and other minor resonances. Nevertheless we can identify two blue negative peaks behind the OLR near the solar azimuth (L z ≈ 2400 and 2800 kpc km s −1 in the last frame). These structures appear as multiple stripes when seen in the narrow range of the Gaia data indicated by the narrow rectangular box. By comparing Fig. 20 (the location of the orbits dragged by the OLR) and Fig. 21 (the location of the stripes) we conclude that thev R peak just behind the OLR line are due to the orbits freshly trapped by the OLR while the stripes that appear further inside the OLR line are due to the superposition of orbits dragged and heated by the OLR and the orbits trapped in minor resonances. To decouple these effects, one should ideally plot the mean radial velocity in action space each for different position/azimuth.
Dependence on initial pattern speed
We have so far discussed the impact of the slowing rate while keeping the initial pattern speed fixed at Ω p0 = 80 km s −1 kpc −1 . We now take a look at the impact of Ω p0 . Fig. 22 plotsv R (L z , ϕ) and f (v R , v ϕ ) for three different choices of initial pattern speed Ω p0 increasing from top to bottom. The faster the bar is originally, the further inside the disc the original locations of the resonances will be, and thus the larger the volume of phase space swept by the resonance. However, the variation of the initial pattern speed does not seem to result in a big difference here because: (i) The capturing rate is relatively low for a rapidly decelerating bar. (ii) The sweeping pickup of stars should at some point get balanced by the loss of stars.
Determining the slowing rate of the bar
The most important benefit of modeling the perturbation by a decelerating bar is that, from the impact on the local velocity space we can, not only determine the current pattern speed Ω p of the bar, but more importantly get the first measurement of the temporal change in pattern speed Ω p . Fig. 23 shows the local velocity distribution of stars f (v R , v ϕ ) Figure 22 . Dependence on initial pattern speed: from top row, Ω p0 = 60, 80, and 100 km s −1 kpc −1 . The bar is rapidly decelerating (A = 0.02, η = 0.004) and the present pattern speed is Ω p = 36 km s −1 kpc −1 .
for various values of the amplitude A (columns) and the slowing parameter η (rows) corresponding to the nodes of orange grid drawn in Fig. 15 and Fig. 16 . The present pattern speed is Ω p = 35 km s −1 kpc −1 = 1.22 Ω ⊙ which is determined to best match the location of the CR with the Hercules stream. The fraction of orbits trapped in the CR increases as A increases or η decreases due to the change in resonance capturing/retention rate so we may well classify the results using the combined paramter η/A. By comparing the velocity distribution with that of the Gaia data, we estimate the possible range of parameter to be η/A = 0.2 ± 0.1 guided by eyes. The strength of the bar A is constrained from the literature using inner Milky Way photometry, e.g. Sormani et al. (2015) to be around A = 0.02. Therefore we predict the slowing rate to be η = 0.004 ± 0.002, and by assuming the current pattern speeed to be Ω p = 35 km s −1 kpc −1 , we obtain Ω p = (−5.0 ± 2.5) km s −1 kpc −1 Gyr −1 .
CONCLUSIONS
While there have been extensive discussions in the literature interpreting the local velocity plane in Hipparcos and Gaia datasets with different values of the current pattern speed Ω p of the bar, we find that the slowing rate Ω p of the bar profoundly affects the observed substructure. Due to the highly significant and drastic impact of resonant sweeping found in this paper, we argue that any results based on a constantly rotating bar pattern speed ought to be re-examined for their robustness against this process and how their parameters have been biased by the neglect of the deceleration.
The deceleration Ω p of a Galactic bar is a theoretical requirement resulting from the angular momentum balance of the bar: the angular momentum gain from forcing gas onto the Galactic nuclear disc is (in a standard dark matter simulation) more than offset by the dynamical friction with the dark halo (and to a minor part the surrounding disc), which implies Ω p < 0 and thus the long-term deceleration/growth of the Galactic bar. While this has been theoret-ically known, we are not aware of any study that would have provided a pathway to observationally estimate Ω p . However, by investigating the effect on resonance occupation using a simple slowing bar model where the pattern speed is modeled to decline inversely proportional with time, we now provide an estimate Ω p = (−5.0 ± 2.5) km s −1 kpc −1 Gyr −1 at a standard bar strength A = 0.02 and current pattern speed Ω p = 35 km s −1 kpc −1 . This measurement of Ω p is mainly sensitive to the longer-term evolution of the pattern speed and not a short-term jitter of the bar.
The deceleration of the bar also resolves three major issues with the appearance of the Hercules stream/corotation resonance: i) The observed Hercules stream is highly asymmetric in radial velocity v R , featuring a strong outward motion. This asymmetry is underpredicted by models with a constantly rotating bar. ii) Resonant capturing by the sweeping resonance allows for larger occupation numbers than in a steadily rotating bar model, thus fitting the observed density with a reasonable bar strength. iii) The stars captured near the surface of the resonance allow for a much stronger eye-shaped (or spear-shaped for the observable solar neighbourhood) feature in the mean radial velocityv R of the L z -ϕ plane, which in the observed Solar neighbourhood data explains the two strong positivev R features near L z ∼ 1400 and ∼ 1600 kpc km s −1 together with their inclination against azimuth. To facilitate point (ii), we have examined how resonant capturing and retention/dragging vary with the deceleration parameter η = − Ω p /Ω 2 p and the amplitude A of the bar. We find that η/A can be used as a good indicator for retention and capture and that expectations for this parameter from the observationally estimated strength A and the expected values of dynamical friction with a typical dark matter halo place the parameter fortunately in the region, where both retention and capture rates for the major resonances (CR and OLR) transit from 0 to 1 (blue region in Fig. 16 .
We stress that this work is largely of an exploratory and qualitative nature. We have not attempted to go beyond the simplest possible m = 2 model and we have restricted ourselves to a 2D in-plane analysis. High order modes and vertical motions would bring additional resonances and more complications, which we found would have reduced the clarity of this work. We remark though that our first explaratory simulations were performed in full 3D and yielded the same qualitative answers as presented here in 2D. Further, for the sake of simplicity, we omitted several processes that we consider to be important: spiral structure will overlay the suggested pattern, and by its transience should knock stars in and out of resonances, changing the occupation of resonant orbits. A similar role is taken by giant molecular clouds, galaxy mergers, subhalo passages, and not least, the possible jitter of the bar pattern speed itself.
We hope that this work will trigger more research into the effects of time-dependent moving resonances. A precise determination of the slowing rate of the bar from local kinematics will quantify the dynamical friction exerted on the bar and provide strong constrains on the phase-space distribution and nature of the dark matter halo. Figure 23 . Velocity distribution swept by a decelerating bar for the grid of parameters A and η as shown in Fig. 15 and Fig. 16 .
APPENDIX A: ACTION-ANGLES AND FREQUENCIES IN 2D AXISYMMETRIC POTENTIAL
One can map from (x, v) to (θ, J) in a 2D axisymmetric potential by numerically integrating the following equations (e.g. Lynden-Bell & Kalnajs (1972) ):
T R is the period of radial motion, and ∆ϕ is the change of azimuthal angle after one radial oscillation. The integrals in equation (A1) and equation (A2) run from pericentre R − to apocentre R + , which can be calculated from
The integration curve C in equation (A3) runs from the pericentre R − to the current radius R. When calculating F and G we have to map the other way round from (θ, J) to (x, v). This is not straightforward since we must find the energy given the actions. To achieve this, we precalculate the energy on a fine grid in action space (J R , J ϕ ) and interpolate linearly.
APPENDIX B: FOURIER COEFFICIENTS OF THE PERTURBING POTENTIAL
The Fourier coefficients Ψ k (J ′ , t) in equation (19) are
We convert the cosine to exponential which results in a factor of 1/2, and split ϕ− ∫ t 0 dt ′ Ω p into θ ϕ − ∫ t 0 dt ′ Ω p (the azimuthal angle of the guiding centre with respect to the bar) and ϕ−θ ϕ (the deviation from the guiding centre which, for each set of actions J ′ , is only a function of θ R ), and use equation (13)-(14) to convert between θ and θ ′ ;
where δ is the Kronecker delta. The value of F ≡ −2|Ψ 1 | is then
In the limit J R → 0, F = −|δ m, N ϕ Φ m |.
APPENDIX C: CALCULATION OF G
The value of G introduced in equation (26) is
where the indices i, j are sumed over {R, ϕ}. In practice, we compute the partial derivatives of the frequencies by finite differences;
where ∆J is set typically at 1 kpc km s −1 .
To carry out the order estimations of equation (25) it is convenient to express G in terms of the epicycle approximation. For a logarithmic background potential, the orbital frequencies are
and therefore G is
At the OLR and the CR, J R is typically an order smaller than J ϕ so G is almost always negative. At the ILR, however, G is positive since N R = −1.
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